Methodology for selection index updating was developed to allow multistage selection. The program determines truncation points for each stage of selection that will maximize either profit or the ratio of aggregate economic gain to cost (R = AH/ C). Either maximum profit or R may be attained by reducing the cost of performance testing in later stages of a multistage program. In order to eliminate the need for multiple integration and assure convergence, a piecewise algorithm was developed. Examples of beef bull selection compared single-stage selection at 1 yr of age, two-stage selection at birth and 1 yr, two-stage selection a t 205 d and 1 yr, and three-stage selection at birth, 205 d, and 1 yr. Selection based on three traits (birth weight, gain birth to 205 d, and gain 205 to 365 d j was compared with selection based on four traits (the above three plus ultrasound fat depth) and selection based on five traits (the above four plus feed:gain ratio). Five scenarios were used that allowed variation in proportion of candidates selected for breeding, number of progeny per selected bull, and proportion of profit returned to the nucleus herd. General conclusions based on the examples were 1) multistage selection reduced aggregate economic gain relative to that attained by single-stage selection, 2) inclusion of feed conversion in the index of traits resulted in reduced profit and aggregate economic gain, 3 ) measurement of feed conversion could be justified when selected bulls produced a large number of progeny, and 4 ) three-trait selection produced greater profit in all five scenarios than did four-or five-trait selection. Use of the selection updating program described here provides a new source of information that can be used in developing economically sound performance testing and selection programs.
Introduction
presented a new multistage selection procedure that combines several favorable aspects of independent culling and selection index. Although a given multistage selection program can be optimized to give maximum improvement in aggregate economic gain, the main advantage of multistage over single-stage index selection is cost savings. If breeders are interested in maximizing profits, which are a function of aggregate economic gain, size of the operation, and costs associated with the breeding program, the optimal program should be obtained by directly maximizing profits. Objectives of this study were 1 ) to describe computational techniques that can be used to maximize profits, 2 ) t o J. h i m . Sci. 1995. 73:699-710 present a n example that applies multistage selection to beef cattle, and 3) to compare different selection scenarios for beef cattle.
This procedure was used to examine the applicability of a selection program for young beef bulls using selection index updating. Although data on performance of relatives may be available, the first measure of an individual's performance is birth weight. At approximately 7 mo of age, weaning weight is available. By 1 yr of age, weight gain, feed conversion, fat depth, and other traits can be measured. Maximum genetic change ( AH) would be accomplished by using a single-stage selection index with all candidates measured for all traits before selection. By using selection index updating, selection can be accomplished in two or three stages. Profitability of the breeding operation can be improved by reducing the cost of measuring traits expressed later in life. The cost of measuring a trait includes the cost of maintaining the animal for a longer period of time and any reduction of market value associated with measurement.
Experimental Procedures: Selection Index Updating
Background Let x be an n x 1 vector of phenotypic variables (traits) that will be selected in m stages (m I n ) and g be a k x 1 vector of genetic values of k traits to be improved. Both x and g are assumed to be normally distributed with means equal to zero, Var(x) = P, Var(g) =A, and Cov(x, g ' ) = G. Let be an m x 1 vector of the updated selection indices defined by Xu and Muir ( 1992) , then
Let p be the overall proportion selected. Because zi)s are independent, the following relationship is true:
Optimal Allocation of Total Selection Intensity Among Stages
A Multidimensional Newton's Method. 1) Optimization with respect to gain:cost ratio ( R = AHK). The following linear cost function is used (NamKoong, 1970; Xu and Muir, 1992 From the above example, Obviously, bl = [bll 0 01' and b2 = [biz b22 b321' . The b{s are derived in such a way that Cov(H, zi) is maximum, Var(zi) = 1 and Cov(zi, zj) = 0 for j f i (Xu and Muir, 1992) . The restriction that indices are independent is required in order to determine truncation points easily without using multiple integration. Total genetic gain is slightly reduced by imposing this restriction (Xu and Muir, 1991) . Let Zi and Zi* be the average of zi before and after selection, respectively. Then Azi = Zi* -Zi is the selection intensity for the i-th selection index. The total genetic gain, AH, is predicted by the following:
The notation has been changed from that of Xu and Muir (1992) , A'ibi to G'bi, because bi now has a different dimension from that of Xu and Muir ( 1992 1.
Let ui be the truncation point corresponding to selection intensity Azi and gi = 1 -@(ui) be the proportion selected for the i-th index. The interrelationship among Azi, ui, and gi is as follows:
The goal here is to maximize R subject to the product of proportions selected at all stages being equal to a predetermined overall proportion selected (Equation [31) . There are two reasons for the constraint: 1) to assure the existence of solutions and 2) to control the total proportion selected, thus the population size. A more general and efficient technique for maximization subject to constraints is that of Lagrange multipliers (Hadley, 1964; Courant, 1966; Morrison, 1990) . With this method, the quantity t o be maximized becomes the following: r m l where X is the Lagrange multiplier and Q is a function of ui's and A. A Newton's iterative equation system is used to search for the optimal truncation points ( u i s ) and X that maximize Q:
. . 
--
ax Multiple integration is not involved in the system, and Newton's method is very efficient in terms of speed of convergence. With this method, breeders can select on the basis of any reasonable number of traits in any number of stages without being concerned about the time required for calculations.
A Piecewise Algorithm. Although Newton's method takes less computing time, it is sensitive to the initial values and, frequently converges to solutions at a local maximum. To address this problem, piecewise algorithm was developed. The piecewise algorithm still uses an iterative scheme, but maximizes Q directly by varying one variable (the proportion selected, qi) at a time while holding others constant. The initial value of this variable is then replaced by the new solution. The solution for the next variable is found similarly while holding others a t their updated values. The first iteration ends when all variables have been updated. Iterations continue to convergence. It has been our experience that this procedure converges to either the same or a better set of solutions than that found using the Newton method, as indicated by the value of the function being maximized.
The object of maximization (AH, R, or profit) is now expressed as a function of qis by using ui = probit(1 -si), where probit0 is the inverse function of the standard normal distribution, which is available in some computer software packages such as SAS ( 1985) [31) . A convenient choice is to let q!') = pum for all i's. Iteration is then initiated with the following steps: 1). Let T = q\O)q:). The object function is now expressed as &(Sl, q, (0) ... q, ( 0 ) -9,) and Q is maximized by varying q1 within the boundary of T < q1 <l and setting q, = T/ql to satisfy constraint (Equation [31) . The solutions are then denoted by q\') and q z ' = T/q\'). The updated Q is & (S\", qio) ...
and maximizing Q by varying 92 within the boundary of T < 92 < 1 and q, = T/qz, the new solutions of q;') and q z ) = T/q(z') are obtained.
The updated Q becomes Q ( q!'), 9,
...
At step m-l, denote T = qm ( 0 ) -l q z ) . Now expressing Q by Q(q\", q$') ... q, -9,) and maximizing Q by varying qm-l within the boundary of T < q,-1 < 1 and g, = T/qm-17 yields qzJ1 and q z ) = Finally, the result Q(q\", 9,') ... qrnpl, (1) Choice of Method of Optimization. Two methods of optimization were introduced, multidimensional Newton's method and the piecewise algorithm. Newton's method is usually more efficient than the other in terms of speed of convergence, but it is sensitive to initial values, and convergence to the global maximal solutions does not always occur. For a given set of initial values, the probability that the program will fail to converge to the global maximum depends on complexity of the Jacobian matrix, which is determined by the object function. For example, the program converges to the global maximum if the objective function is AH because the Jacobian matrix for maximizing AH (Xu and Muir, 1991; Appendix B) is simpler than those for maximizing R or profit. Each element in the Jacobian matrix is an equation and complexity is related to the equations in the matrix. On the other hand, the chance of failure t o converge is greater when R is maximized than when profit is maximized because the former has a more complex Jacobian matrix than the latter.
If the program does not converge to the global maximum for a given set of initials, one has to try a different set of initials. In that case, time consumed in searching for the right initials may be increased greatly when using Newton's method. In contrast, the piecewise algorithm converges slowly. Fortunately, the piecewise algorithm is still much faster than conventional programs (Ducrocq and Colleau, 1989; Saxton, 1989) , because multiple integration is not involved. For instance, to maximize R in a five-stage selection, the piecewise algorithm takes only 11 CPU S on a VAX/MVS mainframe, in contrast to 11 CPU h required for the program INDCULL VERSION 3.0 (Saxton, 1989) . Because multiple integration is not required, the formulas are also much simpler than those for traditional independent culling level selection developed by Norell et al. (1991) .
The effects of selection on the variance-covariance matrix must be considered in later generations of a selection program. Because the selection indices are independent, estimation of the reduction in genetic variance-covariance is simplified. Methodology is presented in Appendix B. Choice of Selection Objectives.
Three objective functions ( AH, R, and profit) have been introduced. In theory, any continuous objective function could be optimized, dependent on the breeder's interest. Rather than setting a fixed selection proportion, breeders may want to find the optimal truncation points for maximizing AH while setting cost at a given level. Minimizing cost while keeping AH at a predetermined level could be another alternative strategy. If the property of independence of the updated indices is maintained, any meaningful objective function could be chosen without being concerned about computing time required. If independence is maintained, unique solutions can be obtained without multiple integration.
Pedigree selection is a strategy in which the individual is selected based on the performance of its ancestors (Van Vleck et al., 1987) . There is no cost in terms of obtaining a n index for the individual other than keeping pedigree and performance records, but some accuracy may be lost with this method. Individual selection is more accurate than pedigree selection, but may have a higher cost because all animals must be reared in order to measure the traits. Progeny testing is even more accurate, but is always associated with increased generation interval and the highest cost. The most effective selection strategy may be a three-stage selection. In the first stage, individuals are selected based on records of ancestors and collateral relatives. Individuals surviving first-stage selection are selected based on their own performance in the second stage. Only outstanding individuals who survive the previous two-stage selection are qualified to participate in the progeny test. The problem is that traits performed in the three stages may be correlated so that it is difficult to properly allocate the proportions selected in each of the three stages to obtain maximum genetic gain with minimum cost. Selection index updating can be useful in solving this optimization problem.
Genetic changes in 365-d weight of beef cattle associated with single-stage (own performance) and two-stage (own performance plus progeny test) selection were compared by Alenda et al. ( 1982) . In most cases, the added accuracy of progeny test was offset by increased generation interval when the comparison was based on annual genetic change. Progeny test was found to be effective only when 10% or less of progenytested bulls were retained for further use and each progeny-tested bull was mated with approximately 1,000 cows. If a profit function were maximized in the two-stage program described above, progeny testing could not be justified because the trait is expressed in the male animal at an early age.
Application to Selection of Beef Bulls
In these examples, the profit function (Equation [SI) is maximized. In the profit function, p is the slope of the supply-demand curve, K is the number of progeny produced by each retained bull, p is the proportion of candidates retained for breeding, AH is the economic value of total genetic change through male selection, and C is the average cost of measurement for each candidate.
In a single herd producing its own replacement bulls, each bull calf is a candidate. All genetic gain due to sire selection would accrue to the herd, and p = .5 because the sire contributes 50% of inheritance to the next generation. Under natural service, K could be 25 to 50 for each bull. Using artificial insemination, K could be much greater. Proportion selected for breeding ( p ) would be inversely related to K and would generally have values of .05 or less. Aggregate genetic merit ( AH) is determined by proportion selected at each stage. Cost ( C ) is determined by the proportions tested in each phase. For example, if a1 = cost of first phase, a2 = cost of second phase, p1 = proportion retained for second phase, and p2 = proportion of p1 retained for breeding, p = plp2 and c = a1 + pla2 in a two-phase selection program.
In a nucleus breeding system (James, 19771 , all replacement males are produced in the nucleus herd, each male born in the nucleus herd is a candidate and the optimized function (Equation [SI) will represent profitability of the nucleus herd. Because profit is defined as gains through male selection, the value of 0 will be equal to one-half of the proportion of total profits returned to the nucleus herd in payment for breeding bulls.
If 70% of the system gains are returned to the nucleus herd, p = .35. The number of progeny produced by each bull ( K ) will be determined by choices of natural mating or artificial insemination and number of matings for each sire. In a nucleus system relying on natural service, p would be much greater than indicated above. If selected sires are to be used in more than 1 yr, AH must be discounted. (Woldehawariat et al., 1977; Alenda and Martin, 1987; Brown et al., 1988; Faulkner et al., 1989; Lamb et al., 1990) were used as the basis for constructing the 5 x 5 phenotypic and 5 x 6 genotypic covariance matrices: 
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The G and P matrices were tested for coherence as described by Foulley and Ollivier ( 1986) . Economic weights for traits in the genotype were derived from both literature and current price information. The value of -$4.40/kg birth weight was based on the positive association of birth weight with incidence of dystocia, labor and veterinary costs of dystocia, negative effects of dystocia on calf viability, proportion of cows rebreeding, and cow productivity following dystocia (Brinks et al., 1973; Laster et al., 1973; Smith et al., 1976; Burfening et al., 1978; Nelson and Beavers, 1982) . The values of $2.00 and $1.75/kg, respectively, for gains from birth t o 205 d and from 205 to 365 d were based on market values. The value of one unit of feed conversion (-$24.00) was based on 1.5 kgld gain for 160 d and feed value of $.lO/kg. The value of changing cutability by 1.0% ($7.50) was based on value of additional retail cuts obtained from the leaner carcass. Costs of measuring traits in the phenotypic expression were rather arbitrarily chosen to reflect labor expended in measurement and cost of data processing for birth weight ($10.00), 205-d weight ($10.00), ultrasound fat depth ($20.001, and feed conversion ($200.00). For feed conversion, there will be either significant labor cost or significant equipment cost. The cost of measuring 365-d weight ($50.00) considers labor, data processing, reduced value of a bull carcass, and improved rate of gain and feed conversion associated with feeding bulls instead of steers. In countries in which bull feeding is the norm, this would be entered at the same cost as the earlier weights.
Scenarios Chosen. 
Results
Tables 1 through 5, respectively, show the total economic value of genetic change ( AH), nucleus herd profit, and proportions tested to 205 and 365 d for the five scenarios described above. Table 1 has the results for the 12 options for a single herd using natural service. Single-stage selection, which required that all bulls be tested for all traits, produced the largest AH and the smallest profit for three-, four-, or five-trait selection. Three-stage selection (B, W, and Y ) was the most profitable for three-, four-, and five-trait selection. Inclusion of feed conversion in the index always seriously decreased profit. Due to the high cost of measuring feed conversion, the proportion of bulls tested at 1 yr of age was small in the multistage five-trait options; the ratios of tested:selected bulls were 1.2 t o 1.4. The reduced testing resulted in lower AH for five-trait selection than for three-or four-trait selection in the multistage options. The greatest profit was derived in the three-trait (BTW, GW, and GY) and three-phase program. Table 2 also presents results for a single-herd program. However, selected bulls produced 200 progeny instead of 40. All of the comparisons described Values in dollars.
fat depth (UF), and feed conversion ( F C ) measured a t 1 yr of age. Table 2 . Economic values of genetic changes (AH), profitability, and proportions retained for three-, four-, and five-trait selection in one, two, or three stages. fat depth (UF), and feed conversion ( F C ) measured at 1 yr of age.
for Scenario 1 are true for Scenario 2. Because the proportion of bulls selected for breeding is smaller ( p = .02) and the effect of a single selected bull is greater, the three-trait and three-phase program resulted in a 5:l ratio of bulls tested a t 1 yr to bulls selected. In Scenario 1, the ratio was 2.4:l. Table 3 has the expected outcomes for a nucleus herd system using natural service ( K = 40) and retaining 50% of candidates for breeding. Profitabilities of the three-trait systems were much greater than those of the four-and five-trait systems. Single-phase selection based on three traits would produce the greatest profit and 97% of the maximum economic value of genetic change ( AH) associated with singlephase selection based on five traits.
Tables 4 and 5 contain the results for nucleus herd situations using artificial insemination with very large numbers of progeny per selected bull. In both cases, three-trait selection was slightly more profitable than four-trait selection and considerably more profitable than five-trait selection. The greatest profit in Scenario 4 was derived from two-phase ( W and Y ) fat depth ( U F j , and feed conversion ( F C measured at 1 yr of age. fat depth (UF), and feed conversion (FC ) measured at 1 yr of age. selection for either three or four traits. The greatest profit in Scenario 5 was single-phase selection for three traits. These scenarios present the first situations in which one might consider measuring individual feed conversion. Two-phase ( W and Y ) selection for five traits produces 88 to 92% of maximum profit and 90 to 93% of AH associated with single-phase, three-trait selection. Two-phase selection for five traits would require ratios of postweaning testing t o selection of 2.8 and 3.6, respectively, for Scenarios 4 and 5.
Expected genetic changes in the six individual traits are shown in Table 6 for the most profitable option in each case. The most profitable option was, in all five scenarios, for three traits. Table 6 . Because multistage selection Table 5 . Economic values of genetic changes (AH), profitability, and proportions retained for three-, four-, and five-trait selection in one, two, or three stages. fat depth (UF), and feed conversion (FC) measured a t 1 yr of age. Table 6 . Genetic changes expected in individual traits, economic values of genetic changes (AH), and profitabilities for the most highly profitable system for each scenario (all were three-trait systems) compared with single-stage selection favoring three traits represents a modification of independent culling levels, maximum AH would be expected in single-stage selection. Hazel and Lush (1942) demonstrated that, for the same overall proportion selected, expected AH from index selection is never smaller than that from independent culling. Genetic changes in the single-stage options were determined solely by the proportion of candidates retained for breeding ( p 1. In Scenario 2, p = .02 and p = .05 in Scenarios 1, 4, and 5 , and p = .5 in Scenario 3.
When multistage selection was the most profitable, AH was reduced and magnitudes of genetic changes in individual traits were affected. Three-stage selection resulted in a greater increase in birth weight than single-or two-stage (W and Y) options. Although the two-stage ( B and Y) option is not shown as one of the most profitable, that option resulted in even greater increase in birth weight. The greatest influence of multistage selection on genetic change for individual traits was seen in postweaning gain (GY) and feed
Based on all five scenarios, the following general conclusions could be drawn: 1 ) inclusion of feed conversion in the index traits reduced profitability and could be justified only when selected bulls produced a large number of progeny, 2) when multistage selection was practiced, inclusion of feed conversion in the phenotype traits produced a lower AH than was produced by three-or four-trait selection, and 3 ) the two-stage birth and yearling ( B and Y) program generally produced large positive changes in birth weight.
Discussion
The two-and three-stage selection systems described in the examples used only performance of the individual. Accuracies attained at all stages could be enhanced by using available data on relatives for all traits. At the birth stage, for example, the index might include parents' and(or) sibs' weights and gains. As the multistage program is now written, information on a given trait of a specific relative that is available for all bull calves could be entered into the indices as an additional phenotypic trait. This restriction dictates that the indices will be calculated at the accuracy allowed by the individual having the least amount of available information on relatives. Comparison of animals with unequal amounts of information on relatives would require a multistage BLUP program (Xu et al., 1994 ) that would include information on relatives in the indices. Accuracy of estimating breeding values and consequent rate of genetic change in multistage BLUP would be dependent on the numbers of collateral relatives in various groups. The size of contemporary groups for traits measured between 205 and 365 d of age was greatly reduced in the multistage selection programs described here. The function to be maximized must be defined in such a way that reduced cost of testing is not offset by significant loss of selection accuracy.
These examples indicate that maximum genetic change is not synonymous with maximum profit. Use of the multistage selection program can be used as a basis for making decisions about traits to measure and proportions of animals t o cull at various stages. However, when one considers such factors as genetic changes in individual traits and tested:selected ratios in the final phase, the conclusion may be reached that there should be modifications of the selection program which produces maximum profit.
In these examples, the two-phase ( B and Y)
selection program consistently caused a sizable increase in birth weight that would be undesirable. The increased birth weight in ( B and Y) or (B, W, and Y ) selection programs could be reduced by 1) including performance of relatives for all traits in the index, 2 ) using a more strongly negative economic weight for birth weight, 3 ) formulating a restricted index, or 4 ) eliminating the birth phase of selection and using ( W and Y) two-stage selection.
Two-phase ( W and Y) or three-phase (B, W, and Y ) selection programs for five traits resulted in tested: selected ratios from 1.06:l to 3.8:l. Maximization of profit dictated that a small number of animals be tested for feed conversion. The tested:selected ratio was directly related to number of progeny produced by each selected bull. Proportions tested beyond 205 d of age for the three-trait selection programs ranged from 10 to 29% when 2 or 5% of the bulls were retained for breeding. In order to have larger contemporary groups and higher accuracy of selection, it may be necessary to modify the culling rates. It may be possible to alter the culling rates by choosing a different objective function to be maximized. For example, AH could be maximized while holding cost of testing at a predetermined level.
The researcher or breeder can investigate many options relative to choices of traits and stages with this program. When estimates of phenotypic variances and covariances, heritabilities, economic values, and measurement costs are available, many traits could be entered and several options investigated. In the examples, five phenotype traits were entered, but maximum profit was realized when only three traits were used.
Implications
A computer program for selection index updating and multistage selection was developed. Use of this program allowed determination of optimal truncation points for maximization of either total economic value of genetic change or profit. The examples of male selection in beef cattle indicated that maximum profit was not synonymous with maximum genetic change. When phenotypic variances and covariances, heritabilities, economic values, and costs of measurement are known, the program can be used to compare the consequences of adding or deleting traits, using one or more stages of selection, varying reproductive rate of selected animals or varying proportion of candidates selected for breeding. This program can be used to effectively design performance testing and selection programs that will optimize profit in commercial breeding programs.
Cong. Genet. Appl. Livestock Prod., Guelph, Ontario, Canada. 
Appendix B
To predict the change in genetic variability due to selection, the additive infinitesimal model (Bulmer, 1976) will be used. Under this model, effects of change in gene frequencies on genetic variance are negligibly small compared with effects due to linkage disequilibrium. Another assumption is that selection does not change the normality of traits. In practice, these assumptions are violated. However, in the short term with weak selection, they are approximately correct.
Previously, it was assumed that both x and g were multivariate normally distributed. Therefore, the updated selection indices, z, will also be normally distributed. As a result, the joint distribution of x, g, and z are normal with a variance-covariance matrix of the following:
Cov(x, g) Cov(x, z') Va g = Cov(g, X') Var(g) Cov(g, z') = {r ] X') cov(z, g) Var(z) 1
In the standard notation of matrix partitioning, the above matrix can be expressed as follows:
where C,, = C,, = G and so on. After selection on z, the variance-covariance matrix of z will change from C,, to Ei3. Pearson (1903) showed that the corresponding change in C,, will be as follows:
B.11
Similarly, By virtue of unit variance of zi and no covariance between zi and zj, X i 3 has a simple expression:
In the notation of a genetic framework, the solution becomes the following: where P* and A* are the phenotypic and genetic variance-covariance matrices in the selected parents.
